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Abstract. We have recently demonstrated that Casimir energy due to parallel 
plates, including its divergent parts, falls like conventional mass in a weak 
gravitational field. The divergent parts were suitably interpreted as renormalizing 
the bare masses of the plates. Here we corroborate our result regarding the 
inertial nature of Casimir energy by calculating the centripetal force on a Casimir 
apparatus rotating with constant angular speed. We show that the centripetal 
force is independent of the orientation of the Casimir apparatus in a frame whose 
origin is at the center of inertia of the apparatus. 



1. Introduction 

Two uncharged parallel conducting plates attract. Casimir in 1948 PQ demonstrated 
that this force of attraction can be attributed to the quantum vacuum energy 
associated with the electromagnetic field between the conducting plates. Precision 
measurement of this force since 1997 [2] being invoked as an evidence of zero-point 
energy of the vacuum has been questioned in [3j. The controversy arises due to the 
presence of divergences which make it difficult to extract self energies for single bodies. 
The local energy density, a component of the stress tensor, serves as a source to gravity. 
Surface divergences in the local energy densities cause a serious difficulty in attempts 
to understand how the vacuum energy interacts with gravity. 

In Fall I [3] we demonstrated, using variational principles, that the gravitational 
force on Casimir energy is the same as that on a conventional mass. In Fall II [5] we 
considered the motion of a Casimir apparatus undergoing a constant acceleration. 
The Casimir apparatus consisted of semi-transparent parallel plates, realized by 
background fields consisting of delta function potentials, which induced boundary 
conditions on a massless scalar field. The motion of the apparatus was studied in 
the accelerated frame of reference, described by Rindler coordinates, in which it 
experiences a pseudo-force. This fictitious force is equated to the gravitational force 
by the principle of equivalence. We concluded that Casimir energy, including the 
divergent contributions, falls under gravity like conventional mass. We made the 
remarkable observation that the divergent contributions to Casimir energy could be 
suitably interpreted as renormalizing the bare masses of the individual Casimir plates. 
Saharian et al. [6] , using zeta function technique for regularization, earlier reached at 
a similar conclusion for the finite part of the Casimir energy. Thus, in Fall I and II, 
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which has been summarized and submitted to this proceedings by K A Milton [7] , we 
have convincingly demonstrated that Casimir energy falls like conventional mass in a 
weak gravitational field. 

To further verify our conclusion we here study the centripetal force acting on a 
rotating Casimir apparatus. Firstly, we use this opportunity to refine our definition 
of the force on the energy associated with the field. Next, we consider a Casimir 
apparatus rotating with constant angular speed such that the surfaces of the plates 
remain parallel to the tangent to the circle of rotation. We use appropriate curvilinear 
coordinates to transform into the accelerated frame of reference. We demonstrate 
that, exactly as in the case of Rindler acceleration, the Casimir energy, including its 
divergent parts, experiences a centripetal force exactly like a conventional mass. We 
express the centripetal acceleration in terms of the center of inertia of the apparatus. 
Finally, we consider a rotating Casimir apparatus such that the plates makes an 
arbitrary angle with respect to the tangent to the circle. We demonstrate that the 
centripetal force is independent of the orientation of the Casimir apparatus in a frame 
in which the center of inertia evaluates to zero. 



2. Force in the local Lorentz coordinates 



Consider the curvilinear coordinates x^ = (t, x, y, z) with the associated metric g^ v {x). 
A particular set of coordinates x a = (t, x, y, z) with metric rjab = (—1, +1, +1, +1) are 
called the local Lorentz coordinates. Let us consider a transformation x a = x a (x) 
which can always be defined in a local neighbourhood. Any spatial point x in the 
curvilinear coordinates is called a point of reference [8 . As a warm-up, and to acquaint 
ourselves with the notations, let us define the velocity of the point of reference x as 
measured in the local Lorentz coordinates at time i. To this regard we can write 

, i : <9x . <9x . ■ di . di 

Ax.a,»- + a;-, At = A^ + At-, (1) 

in terms of which the velocity of the point of reference x as measured in the local 
Lorentz coordinates at time t will be 

-l 



v(x,t) 



Ax 




~dt(x)~ 


At 


X 





dx(x) 



(2) 



because Ax* = for the point of reference. 

A specific field, which is an analog of a fluid, is described by the corresponding 
energy- momentum tensor t^ v (x). The momentum of a small volume containing the 
field at a point of reference x as measured in the local Lorentz coordinates at time t 
is 



P a (x) = dY, b {x)t ab (x) = dS^t^ix) 



dx a (x) 



P»(x) 



dx a {x) 



(3) 



dx^ dx^ 

where we have used tensor transformation properties. The spatial volume elements 
are constructed as the antisymmetric product of three space like vectors, dT. a (x) — 
e a bcdSix b S 2 x c S 3 x d , and dE M (a;) = ^-g(x) e^ val3 5ix u S 2 x a ^x* 3 , where g(x) = 
det <7 M „(x). The change in momentum when the coordinates are displaced will be 



AP a (x) = Ax^P a (x) + At^-P a (5) 



(4) 
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and the force density as measured in the local Lorentz coordinates at time t is 



F a {x) 



Apa 



At 



Ax 1 

~aJ 

dt(x) 
dt 

dtjx) 
dt 



d 

dx 1 
-l 



P a (x) 
d 



d_ 

dt 



P a (x) 



dt 



dt 



P a {x) 



P»(x 



dx a (x) 
dx^ 



(5) 



where we used ^ in going from first line to the second line. 

The total force on the energy associated with the field as measured in the local 
Lorentz coordinates at time t is obtained by integrating the force density over a surface 
S described by constant t. Thus 



F a (t) 



'dt(x)' 


1 d 


dt 


dt 



P"{x) 



dx a (x) 
dxf* 



d 3 3 



'dt(x)' 


- 1 d ■ 




dt 



V^g{x)t^(x) 



dx a {x) 
~dxF~ 



(6) 



This probably is rigorously true only for situations when the field under consideration 
is sufficiently localized and thus requires scrutiny. In the special case when both the 
metric tensor and the energy momentum tensor are independent of the coordinate 
time t the above expression takes the simpler form 

(7) 



F a (t) = / d 3 xy/^gjx)t>* (x) 



d dx a (x) 
dt 



dx^ 



dt(x) 



Of 



2.1. Rindler metric 

As an illustrative example let us reconsider the situation in Fall II using the above 
definition. The local Lorentz coordinates x a are related to the Rindler coordinates 
£ M = (t, x, y, £) by the transformations: i = £ sinh r, x — x, y — j/, z = £ cosIit. The 
Rindler metric is g^ v {x) = (— £ 2 , +1, +1, +1) which returns g{x) = — £ 2 . Further for 
the Casimir apparatus considered in Fall II we have only the diagonal components of 
t[iv{x) to be nonzero which are independent of r. Using these in ([7]) we determine the 
force on the vacuum energy associated with the Casimir apparatus to be 

-a" Jo T Te tooi °--Jo T toia (8) 

which leads to the result in Fall II 



F 



+ 4°) + Eg) 



9, (9) 



where the first two terms are the divergent energies associated with the individual 
plates and i?cas ii 
conventional mass, 



plates and i?cas is the Casimir energy. Further, using the stress tensor for a 



t^(x)=m a ^±= ds6 ^( x -x a (s))^-^, (10) 
-q(x) J-oo ds ds 



n+oo 

V-9(x) 

in (j8]) we have the force on the plates to be 

F 3 = [m a + m b ] g. (11) 
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Figure 1. Casimir apparatus rotating with constant angular speed u> about the 
x axis. The plane of the plates are chosen to be perpendicular to the radial 
direction. We have r a = rg — ^, and = rg + ^. 



Thus, the total force on the Casimir apparatus, including the sum of the force on the 
vacuum energy, and the plates, is 



^ 3 = 



m a + m b + BfJ + 4°) + EH 



) 

cas 



9- 



Interpreting m a .b to be the bare masses of the plates and renormalizing m a ^ + E b 
Ma,b we thus conclude 



(12) 

(o) 



F 



M a + M h + EW 



9, 



(13) 



where M a ^ are the renormalized masses of the plates. 



3. Rotating Casimir apparatus 

A scalar field 4>{x) in the presence of a background V(x) is described by the action 



W = d 



l -n ab d a ^{x)~d b m - \v(x)^xf 



(14) 



A Casimir apparatus, built out of so-called semi-transparent plates, rotating with 
constant angular speed u> about the x axis, as illustrated in figure [TJ will be described 
by the potential 

V(x) = \ a 6(z cosLoi — ysmuji — r a ) + A& 5(z cosLoi — ysmuji — r^) 



X a S (^z cos tot — y sin Lot — r$ + 



;) + *.*( 



z cos tot — y sin Lot — tq 



Making the following transformations 

y = +y cos Lot + zshiLot, 

z = —y sin Lot + z cos tot — r , 

which has the following inverse transformations 
y = y cosLot — (z + r ) sinwt, 
z = y sin Lot + (z + r ) cos tot, 

the action in (fT4")) takes the form 



* = t, 
t = t, 



W= / d 4 x^-g(x)CWx)), 



(15a) 
(156) 

(16a) 
(166) 

(17a) 
(176) 

(18) 
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£(0(a;)) 



1 



g^(x)d^{x)d^{x) - -V{x)<f>(x) 



in which the background potential, 



is now independent of t. The metric is 

-(1 — oj 2 r 2 ) — uj{z + r ) ujy 



1 

-aj(z + r ) 
ujy 



and its inverse is 



<T(*) - 



— 1 —uj(z + ro) ujy 
10 
-oj(z + r ) {1 - ui 2 (z + r ) 2 } ui 2 y{z + r ) 

,2„,/^ i „ \ ft , ,2„,2i 



toy 







uj 2 y(z + r ) (1-cjV) 



(19) 
(20) 

(21) 



(22) 



where r 2 = y 2 + (z + ro) 2 , and g(x) = detg IMV (x) = — 1. For the sake of bookkeeping 
we note the corresponding nonzero components of the connection symbols: Tq = 
—oj 2 y, Tq = — ui 2 z, and Tq 2 = — Tq 3 = w. The energy-momentum tensor, or the stress 
tensor, in the curvilinear coordinates is 

t a p{x) = d a ^(x)d/3(j)(x) + g a p{x)C{<j>{x)). (23) 

At the one-loop level the Green's function G(x,x') is related to the fields by the 
correspondence {T(j){x)(f){x')) = —iG(x,x'). 



3. 1 . Centripetal force 

In terms of the curvilinear coordinates the potential (|20p is independent of time t 
which renders the energy-momentum tensor independent of time. Using this in (J7J) we 
calculate the force on the vacuum energy associated with the Casimir apparatus to be 

F a (t)= [ d 3 xt» (x) 8 9 * a{x) 



dt dx» ' ^ 

We shall be interested in the leading order contributions to the force in the parameter 
wr . To this end we observe that only the zeroth order term in the energy- momentum 
tensor contributes, which is diagonal and a function of z alone. Using this in (f2"l| we 
can write the centripetal force on the vacuum energy to be 



F(t) = -J 2 r(ut) r I d 3 x 4° } (z) - to 2 ? (wt) I d 3 x z Q> (z) + w 2 O(wr ), 



(25) 



where the unit vector is f(0) = cos 8 z — sin 9 y . We define the total energy associated 
with the field and the center of inertia (energy) as measured in the curvilinear 
coordinates as 

1 



I5<°>= / ofxt^{x) 



(0), 



and 



E, 



(0) 



d 3 xzt ° ] {x) (26) 



respectively, in terms of which the centripetal force in (|25p can be written in the form 



F(t) 



-u) [ro + z c 



{ut)E^ 



(0) 
tot 



-u 2 r cm i 



■(ivt) E, 



(0) 

tot ' 



(27) 
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where f cm = r + z cm , is the center of inertia in the local Lorentz coordinates. t^(z) 
is the energy density of the plates when the acceleration is switched off. In particular 
we recall 

«W-5{(55 f -w)° m (^»L + 5^(^ 

where the Green's function is of the form 

r +0 ° doj f d 2 k | 



<3>(°) (z, z'; k) sal 



(2tt 

with k 2 = h 2 ± — uj 2 , and g(°\z, z'\ k) satisfies 
dz 2 



_L e -i^(t-t') e ikx-(xx-xl) ff (0) (Z) 7 J. k)> 



Using these relations the total energy per unit area in (|26p takes the form 



(0) 



.4 



2tt 



d kx „ a2 



(2nf 



■2C 



+oo 



dz g^°\z, z; k), 



(28) 



(29) 



where we have switched to imaginary frequencies, uj — > i£, thus k 2 = + Q 2 . Center 
of inertia in (126|) can be similarly expressed in terms of the first moment of g^ (z, z; k) . 

3. 2. Centripetal force on a single plate 

A single plate rotating with constant angular speed is described by a single delta 
function in the potential in ([20]) (letting a = 0, ro = r a , and Xh = 0), 

V(z) = X a 5(z), 

and the corresponding solution to eq. ([28)) evaluated at z = z' is 



5 (°) (2;2;k) = __ 



1 



A„ 



1 



,-2k\z\ 



2k X a + 2k 2k 
in terms of which the force in (l27l) evaluates to 



F(t) = -r(wt)< 
where f cm = r Q = r a , and 

1 



' cm -"a ' 



.4 



12tt 2 



K 2 dK 



A„ 



A a + 2k 96tt 2 J y 1 + f- 



(30) 
(31) 
(32) 

(33) 



a divergent quantity, is the energy per unit area associated with a single plate. The 
center of inertia, z cm , in (|26[) evaluates to zero for a single plate. 



3. 3. Parallel plates 

Two parallel plates separated by a distance a and rotating with constant angular speed 
uj is described by the potential in (f20|) . The reduced Green's function, g^°'(z, z';k), 
which is solution to (|28p. evaluated at z = z', in the region z < — | is 



1 



1 



2k 2k A 
in the region 



A„ 



2 k 



2 k 



Xh 



_r i + _ji e «» + _r i _ _^ e 



2 k 



A„ 



2 k 



f <z<f is 



1 e" 



1 



2k 2k A 



2 k 



2 k 



^ 1 + ^ e-^ z + _i i + _i e 



2k 



A„ 



2k 



r, Xg Aft Ba 

2k 2k 



(34) 



(35) 
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Figure 2. A Casimir apparatus oriented at an angle a with respect to the tangent 
to the circle of radius ro and rotating with constant angular speed ut about the x 
axis. We have r a cos a = tq cos a — ^ , r^, cos a = ro cos a + ^, ro = (r a + r;,)/2, 
and a = (ri, — r a ) cos a. 



and in the region | < z is 



1 e 



-2K2 



1 

where 



Xa 

2 k 



A 



At 
2 k 



Xa 

2k 



Xb 
2k 

2k 



+ K 

2k 

e -2/ta 

2k2k 



(36) 



(37) 



Using the above expressions for g(°\z, z; k) in the appropriate regions of the z integral 
in (j2"9")l the centripetal force in (|27p evaluates to 



F(t) 



~{0Jt)i 



(38) 

where E^l are the total energies due to single plates given in terms of (f53"|) . E'cas is 
the Casimir energy given as 



E, 



(0) 



1 



.4 



127T 2 



K 2 dK 



2ko 



1 



1 



1+ A* 

x T 2k 



1 i At 
L ' 2k 



2k da 



In A, (39) 



and r cm = ro + z cm , where the center of inertia in the curvilinear coordinates, z cm , for 
parallel plates evaluates to 

,(0) _ a 



z E v 

s cm -'-'tot 



24tt 2 



k dn- 



A 



Xb X a 
2k _ 2k 



(40) 



which is in general not zero because of the asymmetry in the couplings, but evaluates 
to zero when A a = At,, or in the Dirichlet limit. 



4. Orientation independence of centripetal force 

A Casimir apparatus making an arbitrary angle a with respect to the tangent while 
rotating with constant angular speed u), as illustrated in figure^ is described by the 
potential, (displaying only for one plate to save typographic space,) 

V(x) = X a 8{zcos{a + tot) — y sin(a + cot) — r a cos a) (41a) 
= X a 5 (z cos(a + tut) — y sin(a + uot) — r cos a + — J . (416) 
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We make the transformations 

y = +y cos(a + tot) + z sin(a + wt) — tq sin a, x = x, (42a) 

z = — ysin(a + out) + zcos(a + tut) — tq cos a, t = i , (426) 
which has the inverse transformations 

y = (y + ro sin a) cos(a + ut) — {z + rg cos a) sin(a + u>t), x = x, (43a) 

z = (y + tq sina) sin(a + tot) + (z + r$ cosa) cos(a + uot), t=t, (436) 

which reduces to the transformations in (|16a[) and (|166[) for a = 0. The metric 
corresponding to this transformation evaluates to be 

— (1 — uj 2 r 2 ) — ui(z + ro cos a) Lu(y + rgsma) 
10 

— u(z + r cosa) 1 

+uj{y + 7'osina) 1 

where r 2 = (y + j-q sin a) 2 + (z + ro cos a) 2 , and reduces to the metric in (|2"Tj) for a = 0. 
Thus on, repeating the steps in section [3l we evaluate the centripetal force to be 



(44) 



£l 0) + K 



(o) 



Ei°2 



F(t) = -w 2 r cm (wf) 
where the center of inertia in the local Lorentz coordinates is 
v cm {iot) = r r(wi) + z cm f(a + wi), 



(45) 



(46) 

in which the center of inertia in the curvilinear coordinates, z cm , is again given using 
(|40p . We observe that if the origin of the curvilinear coordinates is chosen such that 
z C m = then the centripetal force is independent of the orientation of the Casimir 
apparatus. We shall end by pointing to the discussion on frame dependence of center 
of mass in page 176 of reference [8] and to the original work cited in it. 
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